A THEOREM OF TITS TYPE FOR COMPACT KAHLER 

MANIFOLDS 



DE-QI ZHANG 

Abstract. We prove a theorem of Tits type for compact Kahler manifolds, which has 
^q". been conjectured in the paper [3]. 

o 
o 

> i 1. Introduction 

O _ 

^ ■ We work over the field C of complex numbers. In this note, we prove first the following 

result, which also gives an affirmative answer to the conjecture of Tits type for compact 
Kdhler manifolds as formulated in [9]. 

Theorem 1.1. Let X be an n- dimensional {n > 2) compact Kdhler manifold and G a 

subgroup o/Aut(X). Then one of the following two assertions holds: 

(1) G contains a subgroup isomorphic to the non-abelian free group Z * Z, and hence 

G contains subgroups isomorphic to non-abelian free groups of all countable ranks. 
CN ■ 

>• ' (2) There is a finite-index subgroup Gi of G such that the induced action Gi\H'^'^{X) 

is solvable and Z-connected. Further, the subset 

N{Gi) := {g E Gi \ g is of null entropy} 

in 

O \ of Gi is a normal subgroup of Gi and the quotient group Gi/N{Gi) is a free 

O ■ abelian group of rank r < n — 1 (see 11.21 below for the boundary cases) . 
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In Theorems 11.11 and 11.21 the action G\H'^'^{X) is Z-connected if its Zariski-closure in 



^ I GL{H^'^{X)) is connected with respect to the Zariski topology. X is said to be almost 
homogeneous (resp. dominated by some closed subgroup H of the identity connected com- 
ponent Auto(X) of Aut(X)) if some Auto(X)-orbit (resp. //-orbit) is dense open in X. 
A compact Kahler manifold is weak Calabi-Yau if the irregularity q{X) := h^{X, Ox) = 
and the Kodaira dimension n{X) = 0. A projective manifold is ruled if it is birational to 
P^x (another projective manifold). 

Theorem 1.2. Let X be an n-dimensional {n > 2) compact Kdhler manifold and G a 
subgroup o/Aut(X) such that the induced action G\H^'^{X) is solvable and Z-connected. 
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Then the set N{G) as in \l.l\ is a normal subgroup of G such that G/N{G) = with 
r < n — 1. If r = n — 1, then the algebraic dimension a{X) G {0,77,} (cf. [TU| 3.2]), the 
anti-Kodaira dimension /«(X, —Kx) < and one of Cases (1) ~ (4) below occurs. 

(1) X is bimeromorphic to a complex torus. 

(2) X is a weak Calabi-Yau Kdhler manifold. 

(3) Auto(X) = (1), q{X) = and the Kodaira dimension = — oo. Further, X 
is rationally connected provided that X is projective and uniruled. 

(4) Auto(X) is a non-trivial linear algebraic group. X is an almost homogeneous 
projective manifold and dominated by every positive-dimensional characteristic 
closed subgroup o/Auto(X). Hence X is unirational and ruled. In particular, X 
is a rational variety, unless dimX > 4 and KvXq{X) is semi-simple. 

A remark on the uniruledness in Theorem 11.21 (3): for a projective manifold X, the 
good minimal model conjecture claims that X is uniruled if and only if k,{X) = — oo; this 
conjecture has been confirmed when dimX < 3; see [HI §3.13]. 

We refer to [7], [18], [6], [3] and [1] for the definitions of the z-th dynamical degrees 
di{g) and the topological entropy h{g) for g G Aut(X). It is known that 

h{g) = max log di{g) = maxjlog |A| ; A is an eigenvalue of g* \ {Q)i>oH''' {X , C))}; 

l<i<n 

see also [21 Proposition 5.7]. And g G Aut(X) is of positive entropy (resp. null entropy) if 
and only if di{g) > 1 or equivalently h{g) > (resp. di{g) = 1 or equivalently h{g) = 0). 

Theorem 11.11 is an analogue to the famous Tits alternative theorem [T^ Theorem 1] : 
For a subgroup H < GLm(C) with m > 1, either 

(i) H contains a subgroup isomorphic to Z * Z, or 

(ii) H contains a solvable subgroup of finite index. 

When G is abelian. Theorem 11.11 follows from [3]. The key ingredients of our proof are: 
the very inspiring results of Dinh-Sibony [3], especially the Hodge- Riemann type result 
[31 Corollary 3.5], the theorem of Lie-Kolchin type for a cone [9^, Theorem 1.1], and the 
trick of considering the 'quasi nef sequence' in l2.2[ 

Remark 1.3. 

(1) For a projective manifold X, if we replace H^'^{X) by NS(X) ®z C, the same 
statements of Theorems 11.11 and 11.21 hold: to prove them, we just replace H'^{X, Z) 
and the Kahler cone by respectively NS(X)/ (torsion) and the ample cone. 

(2) For Theorem ll.2[ it is easy to show that r < h^'^{X). However, h^'^{X) has no 
upper bound even for surfaces. Our bound r < 77 — 1 is optimal as seen in [31 
Example 4.5], where their examples X are abelian varieties (and hence k{X) = 0). 
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Theorem 11.21 shows that, indeed, such optimal cases happen only when k(X) < 0. 
More generally, one has r < max{0, n — 1 — k{X)} (optimal!) by Lemma [2.111 

(3) When X is a surface. Theorem 11.11 says that either G is very chaotic, or has at 
most one dynamically interesting symmetry. 

(4) The proofs of Theorems 11.11 and 11.21 are straightforward, with no any fancy stuff. 

What are the obstacles (in proving Theorem 11.21 for non-commutative G)7 

First, without the commutativity, one could not produce enough common nef {as usu- 
ally desired) eigenvectors Lj of G in the closure }C{X) of the Kahler cone of X, in order 
to construct a homomorphism ip : G ^ M"^^. Second, even if one has n — 1 of such Lj, 
the non- vanishing of Li ■ ■ ■ L„_i (needed to show the injectivity of ip modulo N{G)) could 
not be checked, unless, being lucky enough, Lj's give rise to pairwise distinct characters 
of G. A naive approach is to use induction on h^'^{X) and apply the generalized Perron- 
Frobenius theorem in [Ij to the cone: Im(^X) H^'^{X,R) / (RLi)); see O for the 
notation. However, the latter cone may not be closed and hence a common eigenvector 
of G in the closure of the latter cone is of the form L2 + M.Li (a coset) but with L2 not 
necessarily in the cone )C{X). Fortunately, these difficulties are taken care by considering 
the quasi nef sequence in 12. 2[ and the latter is further exploited in Lemma 12.101 

To the best of our knowledge, there are only partial solutions to the conjecture of Tits 
type for complex varieties, like [H] and [lU]. See also [Ej and [12] for related results. 
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I thank A. Fujiki for the discussion on algebraic reduction, K. Oguiso for encouraging 
me to generalize the result to the Kahler case, T.-C. Dinh and N. Sibony for the comments 
and for pointing out (3] page 301] related to l2.2l below. and the referee for the suggestions. 

2. Proof of Theorems 11.11 and 11.21 

2.1. Numerically equivalent cohomology classes and Kahler (A;, A;)-forms 

Let X be a compact Kahler manifold of dimension n. Denote if*'*(X, M) = if*'*(X) fl 
if^*(X, R). We use letters of upper case like D,L,M to denote elements of if*'*(X). By 
abuse of notation, the cup product LU M for L G if*'*(X) and M G H^'^{X) is denoted 
as L.M or simply L M. 

Let N^{X) be the quotient of if'''^'(X, M) modulo numerical equivalence: for Di,D2 G 
if '^(X, M.), Di = D2 {numerically equivalent) if and only if {Di — D2) Li - ■ ■ Ln-r = for 
all Li in H^'^{X,'R). Denote by [Di] G N^{X) the class containing Di, but we will write 
Di G X^'(X) by abuse of notation. Notice that numerical equivalence may not coincide 
with cohomological equivalence when r < n — 2. 



4 



DE-QI ZHANG 



The cone /C(X) C M) is defined to be the closure of the Kdhler cone KL{X) of 

X. Elements of /C(X) are said to be nef. 

We now use the definitions of [T3l §A1]. Let be a C°°-{k, A;)-form on X with 1 < k < 
n. For a local coordinate system {zi, 2:2, ... , Zn) of X, our u is locally expressed as 

with C°°-functions a/^j, where '^I = '^J = k and c/z/ := c/zj^ A dzi^ A ■ ■ ■ A c/zj^ with 
/ = {zi, 12, ... , ik} and ii < 12 < ■ ■ ■ < ik- This is called a Kdhler {k, fc)-form if it is ci- 
closed {duj = 0) and real {uJ = u), and if the matrix (a/.j) is positive-definite everywhere 
on X. Note that this is just the usual definition of Kahler form when k = 1. Inside of 
the real vector space H^'*''(X, M), the set P^{X) of the classes [uj] of Kahler {k, A;)-forms uj 
on X is a strictly convex open cone. It is called the Kdhler cone of degree k. Its closure 
in H'=''=(X,M) is denoted as W^X). 

2.2. The quasi nef sequence. Let X be a compact Kahler manifold of dimension n. 
Consider nonzero elements Mi, . . . , Mg (with 1 < s < n) in H^'^{X, M) satisfying: 

(i) Ml is nef, and 

(ii) For every 2 < r < s, there are nef Lj.{j) G /C(X) such that 

//'^■^(X,R)\{0} 9 Mi---M^ = lim(Mi---M^_iL^,(j)). 
So Ml ■ ■ ■ M^ ^ in X^(X) by Lemma O (1) below. 

Lemma 2.3. Let X and (1 < t < s) he as in \2.B. Then the following are true. 

(1) For all ii < ■ ■ ■ < if < s with s + t < n, we have (cf. 12. ip .- 

Ml ■ ■ -M, G P^, (Ml ■■■Ms) (Mi, ■ ■■Mi,) G P^+*(X). 

In particular, Mi ■ ■ ■ Ms Ls+i ■ ■ ■ Ln > for all Li in the Kdhler cone /C(X), and 
hence Mi ■ ■ ■ M, ^ m N'{X). 

(2) Suppose 1 < s < n — 1 and all Ls, . . . , Ln-i G /C(X). Then the quadratic form 

q{x,y) := -Mi . . . M^.i Ls ■ ■■Ln-2xy 
is semi-positive over the set 
P{M^^^^Ms^iLs^^^L^^,) := {zeH''\X,R) \ Mi ■ ■ ■ M,_i ■ ■ ■ L„_i ^ = 0} 

of Ml ■ ■ ■ Ms-i Ls ■ ■ ■ Ln^i-primitive classes; see ^ §3] for relevant material. 

(3) We have q{Ms,Ms) < 0. 

In the following, assume 1 < s < n — 1, and take M^ G II^'^{X,M.) such that 

i7^'^(X,M)\{0} 9 Mi---M,_iM; = lim(Mi---M,_iL,(j)') 
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for some Ls{j)' G /C(X). So this M'^ enjoys the properties of Ms- 

(4) Suppose that Mi ■ ■ ■ M,_i M'^ = in A^'+^(X). Then there is exactly one 
nonzero real number b such that Mi ■ ■ ■ Mg-i {Ms + bMi,) = in A^^(X). 

(5) Suppose that h : X X is a surjective endomorphism such that 

h*{Mi---Ms-iM) = \{M) {Ml ■ ■ ■ Ms-i M) 

for both M = M^ and M'^ with real numbers X{Mg) ^ A(M^). Then we have 
Ml--- Ms-i MsM'g ^ m N'+'^ {X) . 

Proof. (l)We only need to prove the first part and for tliis we proceed by induction on 
t. Tlie case t = is clear. Suppose that we are done with the case t. Then for the case 
t + 1 (with it+i = k < s say) the assertion (1) follows from: 

{Ml--- Ms) {M,, - - - M,,^ J = hm ((Ml ■ ■ ■ M,_i L,{j) M^+i ■ ■ ■ M,) (M,, ■ ■ ■ M,,^ J) 

]->oo 

= \im{{Mi---Ms){M,,---M,,Lk{j))). 

The assertion (2) follows from the Hodge-Riemann Theorem of Gromov; see its other 
variation [3l Corollary 3.4]. (3) is from (1). The assertions (4) and (5) are actually proved 
in [21 Corollary 3.5, Lemma 4.4], but we use (2) and (3) (see also [21 Remark 3.6]) and 
note that h* induces an automorphism of if*'*(X, M) {i > 0), acts as a scalar multiple by 
deg{h) on iJ^"'(X, M) (and also preserves the Kahler cone of X). □ 

Definition 2.4. Let V be a free Z-module of finite rank or a real vector space of finite 
dimension. Let Vc be its complexification. A subgroup H < GL{V) is Z-connected on V 
or on Vc, if the Zariski-closure in GL(Vc) of (the natural extension) H\Vc is connected 
with respect to the Zariski topology. 

Let X be a compact Kahler manifold. For a subgroup G < Aut(X), we consider its 
action (by pullback) G|A on some G-stable subspace A C iJ*'*(X, R). We say that G is 
Z-connected on A if G\A is Z-connected on A; our G is solvable on A if G\A is solvable. 

Remark 2.5. By the Tits alternative theorem [15l Theorem 1], either G\Ac and hence 
G contain a subgroup isomorphic to Z * Z, or GjAc contains a solvable subgroup H of 
finite index. In the latter case, the preimage Gi < G of the identity component of the 
closure of H in GL(Ac), is of finite-index in G, and is solvable and Z-connected on A. 

We shall use the theorem of Lie-Kolchin type for a cone in [U] : 

Theorem 2.6. (cf. [^ Theorem 1.1]) Let V be a finite- dimensional real vector space and 
{0} ^ C G V a strictly convex closed cone. Suppose that a solvable subgroup G < GL{V) 
is Z-connected on Vc and G{G) C C . Then G has a common eigenvector in the cone G . 
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2.7. Proof of Theorems [TI] and [TI2 

By Remark 12.51 we only need to show Theorem II. 2[ From now on till Lemma 12.161 we 
assume that G\H^'^{X) is solvable and Z-connected. 

Applying Theorem 12.61 to the cone }C{X) C H^'^{X,W), there is a common eigenvector 
Ml G /C(X) of G. We may write g*Mi = xi{g)Mi where Xi '■ G ^ M>o is a character. 
Consider the induced action of G on the finite-dimensional subspace Mi.H^'^{X,M.) (C 
M)), which is nonzero by Lemma 12.31 (1). Our Mi./C(X) is a cone and spans 
Mi.H^''^{X,R) but (*): it may not be closed in Mi.H^''^{X,R). Now G is solvable and 
Z-connected on Mi.H^'\X,R), because G\{Mi.H^^\XX)) is the image ofG\H^^\X,C) 
(multiplied by xi)- Applying Theorem 12.61 to the closure of Mi./C(X) in Mi.H^'^{X,M.), 
we get M2 G //^'^(X, R) such that M1M2 is a common eigenvector of G and 12.21 holds 
for s = 2. Notice that M2 may not be nef because of the (*) above. We may write 
g*{MiM2) = xi{9)X2{g){Mi M2) where X2 '■ G ^ ]R>o is a character. Inductively, we 
obtain Mi, . . . , M„ such that for every 1 < r < n — 1 our G is solvable and Z-connected 
on Ml ■ ■ ■ Mr.H^'^iX, M), that O holds for s = n and that for all 1 < t < n 

g*{M, ...Mt) = xi{g)--- Xtig) (Ml ■ ■ ■ Mi) 

where Xi '■ G ^ R>o < i < n) are characters. Of course, Xi{9) ' ' 'Xn{g) = deg(5f) = 1. 
Define a homomorphism into the additive group as follows 

^:G^ M'^-\ g ^ (hgxiig), . . . , logXn-i(^?)). 
Now the first part of Theorem 11.21 follows from the two claims below. 

Claim 2.8. Ker(^) = N{G). 

Proof. By the equivalent definition of the entropy h{g) in the introduction, we have 
N{G) C KeT{ip). Suppose the contrary that g G Ker (■?/') is of positive entropy. Then 
Xi{g) = 1 for all 1 < 2 < n, but the first dynamical degree di{g) > 1. It is known 
that di{g) = max{|A| ; A is an eigenvalue of g*\H^''^{X,M.)}. Applying the generalized 
Perron- Frobenious theorem in |T] to the cone /C(X) which spans if^'^(X, M), we find a 
nonzero Li in /C(X) such that g*Li = XiLi with Ai = di{g) > 1. Now 

Ml ■ ■ ■ M„_i Li = /(Ml ■ ■ ■ M„_i Li) = Ai (Ml ■ ■ ■ M„_i Li). 

Since Ai 7^ 1, we have Mi ■ ■ ■ M„_i Li = 0. If Mi Li = in N'^{X) then Mi and Li are 
parallel in N^{X) by [31, Corollary 3.2] or Lemma [2.31 (5). Hence 1 = Xiio) = Ai > 1, a 
contradiction. Take t > 2 minimal such that Mi ■ ■ -MtLi = in X*+^(X). Then both 
Ml ■ ■ ■ Mt-i Li and Mi ■ ■ ■ M^.i Mt are nonzero in N\X); see Lemma O (1). Since Li 
is nef, we can apply Lemma 12.31 (5) to M/ := Li and conclude that Mi ■ ■ ■ Mt Li 7^ in 
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N^+^{X), since g*{Mi ■ ■ ■ Mt) = Mi ■ ■ ■ Mt while g*{Mi ■ ■ ■ Mt-i Li) = Ai (Mi ■ ■ ■ Mt_i Li) 
with Ai 7^ 1. We have reached a contradiction. This proves Claim □ 

Claim 2.9. Im('?/') is discrete in with respect to the Euclidean topology. 

Proof. Since is a homomorphism, it suffices to show that (0, . . . , 0) is an isolated point of 
tpiG). Let e > 0. Consider the set S = of all elements g E G satisfying | logXi(fi')| < £ 
for all 1 < i < n — 1, or equivalently Xi{9^) ^ ^ •= Note that g E T, ii and only if 
g~^ G S. Let G S with ip{g) ^ (0, . . . , 0). Then g is of positive entropy by Claim [2^ 
Thus there are nonzero Li in the cone K.{X) such that g*Li = XiLi with Ai = di{g) > 1 
and A^^ = di{g^^) > 1. 

We now prove the assertion (**): di{g^) < 6""^^. It suffices to show di{g^) < 5 for 
e = 1 or —1, because di{g^) < di{g^)'"'^'^ . Indeed, applying the argument above to 
{g), we get M{, ■ ■ ■ , satisfying 12.21 so that each M[ ■ ■ ■ M[ is semi (/-invariant, and 
we may take M[ = Li,M!^ = L2 (for Li L2 7^ in N^{X) by Lemma O (5)); now 
M[---M^ = g*{M[--- M;) = A1A2 ■ • • (M( ■ • ■ M;) implies that 1 = A1A2 ■ ■ ■ < A^^As 
and hence di{g^^) = < di{g)"-^^. For the proof of di{g'^) < 6, notice 

Ml ■ ■ ■ M„_i L, = g*{Mi--- M„_i Li) =xi{g)--- Xn^M A^ (Mi • • • M„_i Li). 

If Ml ■ ■ ■ M„_i Lj 7^ for both i = 1 and 2, then Xiio) ' ' ' Xn~i{g) = 1 and hence 
1 < Ai = A2 < 1, absurd. Switching g with g~^ if necessary, we may assume that 
Ml ■ ■ ■ M„_i Li = 0. If Ml Li = in N'^{X) then Mi is parallel to Li in N^{X) and 
hence di{g) = Ai = Xi{9) ^ ^- If ^1 Li 7^ in N'^{X) and t > 2 is minimal such that 
Ml ■ ■ ■ Mt Li = in A^*+^(X), then di{g) = Xt{g) <5hy Lemma O (5); see the proof of 
Claim [231 The assertion (**) is proved. 

Therefore, for every (7 G S, the absolute values of all (complex) eigenvalues of g*\H'^{X., Z) 
are bounded by whence Claim [23] holds; see the proof of [3^, Corollary 2.2]. This 

also proves the first part of Theorem 11.21 □ 

We still need to get a better rank upper bound r < n — 2 except for the four cases in 
Theorem 11.21 To distinguish, we also write r = r{G). 

Lemma 2.10. Let {X,G) be as in Theorem \L^ and Y a compact Kdhler manifold with 
a biregular action by G and with n = dimX > k := dimF > 0. Suppose that 71 : X ^ Y 
is a G-equivariant surjective holomorphic map. Then the rank r{G) < n — 2. 

Proof. We use the argument for the ffist part of Theorem II. 2 [ ffist for {Y, G) and then for 
{X, G). By the assumption, both G\H^'^{X) and G\H^'^{Y) are solvable and Z-connected. 
By the argument for the ffist part of Theorem 11.21 there are M(, . . . , M^ G H^'^{Y, R) 
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satisfying 12.21 and the following for all 1 < t < A; 

g*{M[ ■ ■ ■ M[) = Xi{9)--- Xt{g) (M( ■ ■ ■ M[). 

We can continue the sequence Mi := 7r*M(,-- - , := vr*M( with M^+i,--- , M„ in 
H^'^{X, M) so that Mi, . . . , M„ satisfy O and the following for all 1 < t < n 

(7*(Mi ■ ■ - Mi) = xM ■ --Xtig) (Ml ■ ■ - Mi). 

Define a homomorphism into the additive group: 

(^■.G-> R""^ 5f (logxi(5'), • • • , logXfc-i(5'), logXfe+i(5'), • • • , ^ogXn-i{,g))- 

As in the first part of Theorem 11.11 we only need to show that Ker((y9) C N{G) and 
lm{ip) is discrete. Notice (* * *): Xiid) ' ' 'Xk{g) = 1 for all g E G. 

Suppose that g G Ker Then Xi{g) = 1 holds also for i = k hj {* * *), and hence 
for all 1 < i < n - 1. Thus Ker(^) = N{G) by the proof of Claim [231 

Consider the set S = of all elements g E G satisfying | \ogX'i{g)\ ^ ^ fo'^ all i with 
i ^ k and 1 < z < n — 1, or equivalently XilS'^) ^ := e^- By (* * *), Xk{g^) = 
{Xi{g) ■ ■ 'Xk~i{g))^ < ^'^^^ and hence XilS'^) ^ max{(5, 5'^^"'^} for all (7 G S and 1 < i < 
n — 1. Now the proof of Claim [2^ shows that (f is discrete. This proves Lemma [2.101 □ 

Lemma 2.11. Suppose that the Kodaira dimension k := k,{X) > 0. Then r{G) < 
max{0, n — 1 — K,}. This bound is optimal, by considering {V x W, G x idw) with {V, G) 
as in |3, Example 4.5] and W any projective manifold of general type. 

Proof, li K = n, then | Aut(X)| < 00; see Corollary 2.4]. So assume that n < n. Let 

$ := ^\mKx\ '■ ^ >F{H'^{X,mKx)) be the litaka fibration and Y the image of $. By 

[T3I Corollary 2.4], G descends to a finite group G\Y < Aut(y). Replacing X and Y 
by G-equivariant resolutions of indeterminacy locus of $ and singularities of Y, we may 
assume that $ is holomorphic and Y is smooth; see also [I3i Lemma A. 8]. Replacing G 
by a finite-index subgroup and noting that r{G) = r{Gi) when IG : Gi| < 00, we may 
assume that G\Y = {id}, and for a general fibre F of $ our G\H^'^{F) is Z-connected (and 
also solvable because: some term G^^^ of the derived series of G acts trivially on H^'^{X) 
by the assumption, and the restriction G^^^\H^'^{F) is Z-connected and acts trivially on 
the restriction to F of every Kahler class of X so that we can apply Lieberman [T2l 
Proposition 2.2] as in (*) of Lemma [2.121 below) . We can identify G with G\F C Aut(F). 
By [201 (2.1) Remark(ll)] or [131 Theorem D], N{G)\F = N{G\F). By the first part of 
TheoremOl our G = G\F satisfies G/N{G) ^ Z®^ with r < dim(F)-l = n-l-K. □ 



Lemma 2.12. Suppose that k ^ := k{X, —Kx) > 0. Then r{G) < n — 2. 
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Proof. Take m >> so that the movable part l^*! of | —mKx\ gives rise to a meromorphic 

map \I/ : X > Z with dim Z = k^^. Now h*S ^ S for all h G Aut(X). Replacing X and 

Z by their G-equivariant blowups, we may assume that 15*1 is base point free so that 
is holomorphic (but associated with a linear system bigger than | — mKx\), Z is smooth, 
and G descends to G\Z < Aut(Z). If dimZ < dimX, then r{G) < n — 2 by Lemma r2.10[ 
Consider the case dimZ = dimX. Then S is nef and big, whose class in iJ^'^(X, R) 
is preserved by G, so the argument of Lieberman fTIi Proposition 2.2] implies that (*): 
\G : G n Auto (X) I < oo; see 1201 Lemma 2.23] and also [13], Lemma A. 5]. Since every 
element of Auto(X) acts trivially on iJ*(X, Z), it is of null entropy and so does every 
element of G. Thus r{G) = 0. This proves Lemma [2.12[ □ 

Lemma 2.13. Suppose that the irregularity q{X) > 0. Then r{G) < n — 2, unless X is 
bimeromorphic to a complex torus. 

Proof. Let albx : X Alb(X) be the albanese map with q{X) = dimAlb(X). Let 
Y := albx(X) be the image. If dimF < n, then r{G) < n — 2 hj Lemma [2.101 

Suppose that dimy = n. Then albx is generically finite onto its image and hence 
/t(X) > K,{Y) > 0, since y is a subvariety of a complex torus (cf. flEi Lemma 10.1]). 
By Lemma [2.111 we may assume that k(X) < 0. Thus k(X) = 0. By [8], Theorem 24], 
albx : X —>■ Alb(X) is then surjective and bimeromorphic. This proves Lemma [2.13[ □ 

Lemma 2.14. Suppose that H is a positive- dimensional connected and closed subgroup 
o/ Auto(X) so that H is normalized by G, i.e., G < N p^uIqI^x){H) . Then r{G) <n — 2, 
unless some H -orbit is dense open in X. 

Proof. By [5l Lemma 4.2 (3), Theorem 4.1, Theorem 5.5], there is a quotient map vr : 

X >Y = X/if which is G-equivariant (so that H acts on Y trivially); replacing X, Y by 

G-equivariant blowups as in [5, (2.0)], we may assume that vr is holomorphic and both X 
and Y are Kahler G-manifolds, because Y is in Fujiki's class C and hence bimeromorphic 
to a compact Kahler manifold (cf. Varouchas [T7]). Now just apply Lemma [2.101 □ 

Lemma 2.15. Suppose that X is a uniruled projective manifold. Then r{G) < n — 2, 
unless X is rationally connected. 

Proof. Applying the argument in [13], Lemma 5.2] and taking equivariant resolutions, 
we may assume that the rationally connected fibration X Y is holomorphic with Y 
smooth (and non-uniruled) so that G descends to G\Y C Aut(y). If dimF > 0, then 
r{G) < n — 2 by Lemma [2.101 If dimF = 0, then X is rationally connected. □ 

Lemma 2.16. // the algebraic dimension a(X) E {I, . . . ,n — 1} , then r{G) < n — 2. 
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Proof. Let X >Y be an algebraic reduction with dimy = a{X) and connected fibres 

(cf. [16, Prop. 3.4]). Let Y' be the main compact irreducible subvariety in the Douady 

space Dx of X parametrizing the general fibres of X >Y, and X' — > Y' the restriction 

of the universal family Z Dx- As pointed out by Fujiki, G acts biregularly on X' 
and Y' so that the holomorphic map X' Y' is G-equivariant and bimeromorphic to 
X >Y. Now just apply LemmaEUHlto the G-equivariant resolutions of X' and Y'. □ 

We now complete the proof of Theorem 11.21 By Lemmas 12.111 12.121 12.131 and 12.161 we 
may assume that q{X) = 0, k,{X) = —oo, k,~^{X) < and a{X) G {0,n}. Now q{X) = 
implies that Auto(X) is a linear algebraic group; see |5j, Corollary 5.8, Theorem 5.5]. 

Suppose that H < Auto(X) is connected and closed and has a dense open orbit in X. 
Then X is almost homogeneous, Moishezon (and hence projective, X being Kahler) and 
unirational, because H is a rational variety by a result of Chevalley. X is birational to 
X Z with Z projecitve, by a result of H. Matsumura; see |5l Proposition 5.10 and its 
Remark]. The unirationality of X implies that of Z; and a unirational surface is rational. 

If H is further commutative, then X is rational because: the stabilizer of a general 
point of X G X is normal in H and hence Hr^ = Hy for all general y G X (by the density 
of the orbit Hx in X), so is trivial and H dominates X birationally. 

Now Theorem 11.21 follows from Lemma 12.151 the argument above and the application 
of Lemma [!^. 141 to characteristic subgroups of Auto(X), especially to Auto(X) and to the 
last term (an abelian group) of the derived series of -R(Auto(X)) (the radical). 

Question 12. 171 below has been affirmatively answered in [3, pp. 323-325] for abelian G 
and without the condition Auto(X) = (1) (but this condition is needed for non-abelian 
G as seen in [3, Example 4.5]), a short proof of which follows immediately from Lemma 
12.141 and Lieberman [121 Proposition 2.2] just as in (*) of Lemma [2.121 

Question 2.17. In Theorem M.'A when the rankr = n — 1 {maximal) anc? Auto(X) = (1), 
can one say that N{G) is a finite group? 

Question 2.18. Can one find a rationally connected variety {or Calahi Yau manifold) 
X and a group G < Aut(X) such that the rank in Theorem \1.2 satisfies r = dimX — 1? 
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